We analyze the potential of the e + e − Linear Colliders, operating in the eγ and γγ modes, to probe anomalous quartic vector-boson interactions through the multiple production of W 's and Z's. We examine all SU (2) L ⊗U (1) Y chiral operators of order p 4 that lead to new four-gauge-boson interactions but do not alter trilinear vertices. We show that the eγ and γγ modes are able not only to establish the existence of a strongly interacting symmetry breaking sector but also to probe for anomalous quartic couplings of the order of 10 −2 at 90% CL. Moreover, the information gathered in the eγ mode can be used to reduced the ambiguities of the e + e − mode.
I. INTRODUCTION
The SU L (2) × U Y (1) local gauge symmetry of the Standard Model (SM) determines completely the triple and quartic vector-boson interactions. Therefore, the direct study of these couplings can further confirm the SM or give some hint on the existence of new phenomena at a higher scale. Moreover, it is important to independently measure the trilinear and quartic gauge boson couplings because there are extensions and limits of the SM [1] that leave the trilinear couplings unchanged but do modify the quartic vertices. Presently, the triple gauge-boson couplings are being probed at the Tevatron [2] and LEP [3] through the production of vector boson pairs, however, we have only started to study directly the quartic gauge-boson couplings [4, 5] . Due to the limited available center-of-mass energy, the first quartic couplings to be studied contain two photons, and just at the CERN Large Hadron Collider (LHC) and the next generation of e + e − Linear Colliders (LC) we will be able to probe V V V V (V = W or Z) vertices.
If the SU(2) L ⊗ U(1) Y symmetry of the model is to be linearly realized, studies of the triple gauge-boson couplings will be able to furnish information on the gauge-boson fourpoint functions provided that dimension 8 and higher anomalous operators are suppressed. This is the case when the breaking of the SU(2) L ⊗ U(1) Y symmetry takes place via the Higgs mechanism with a relatively light elementary Higgs boson. If, on the other hand, no fundamental light Higgs particle is present in the theory, one is led to consider the most general effective Lagrangian which employs a nonlinear representation of the broken SU(2) L ⊗ U(1) Y gauge symmetry [6] . In this case the SM relation between the structure of the three-and four-point functions of the gauge bosons does not hold already at p 4 order, leaving open the question of the structure of the quartic vector-boson interactions.
LC provides a unique possibility to study eγ and γγ collisions since high energy photons can be produced by laser backscattering [7] . These new modes of operation of the LC allow us to probe the W + W − W + W − and W + W − ZZ couplings through the reactions
which take place via weak boson fusion at high energies [8] . In this work, we access the reach of the LC operating in the eγ and γγ modes to study the symmetry breaking sector via the measurement of quartic gauge couplings. We work in the framework of chiral Lagrangians, and we analyze all p 4 operators that lead to genuine quartic gauge interactions, i.e. these operators do not give rise to triple gauge-boson vertices, and consequently are not bounded by the study of the production of gauge-boson pairs. We also take into account realistic cuts, detection efficiencies and potential backgrounds.
At present the only information on quartic couplings W W W W and W W ZZ is obtained indirectly as they modify the gauge-boson two-point functions at one loop [9] . The precise electroweak measurements both at low energy and at the Z pole, constrain the quartic anomalous couplings to be smaller than 10 −3 -10 −1 depending on the coupling. In the future, quartic interactions can be studied at the LHC through the reaction pp → V V X [10] while the following processes can give information on these couplings at the LC: 14] , and γγ → V V V [15] , where V = Z, W ± or γ and F = e or ν e . In this work, we show that the LC operating in the eγ or γγ modes not only can establish the existence of a strongly interacting symmetry breaking sector but also can lead to bounds on genuine quartic interactions of the order of 10 −2 which turn out to be of the same order of magnitude of the attainable limits at the LHC and e + e − LC. Furthermore, the information gathered in the eγ mode can be used to reduced the ambiguities of the e + e − mode, which exhibits two allowed regions, leading to a better determination of the quartic couplings.
The outline of this work is as follows. In Sec. II we present the chiral lagrangian formalism that we employed. We describe the calculational tools used in Sec. III, while the main features of the signal and backgrounds are discussed in Sec. IV. We present our results in Sec. V which also contains our conclusions.
II. THEORETICAL FRAMEWORK
If the electroweak symmetry breaking is due to a heavy (strongly interacting) Higgs boson, which can be effectively removed from the physical low-energy spectrum, or to no fundamental Higgs scalar at all, one is led to consider the most general effective Lagrangian which employs a nonlinear representation of the broken SU(2) L ⊗ U(1) Y gauge symmetry [6] . The resulting chiral Lagrangian is a non-renormalizable non-linear σ model coupled in a gauge-invariant way to the Yang-Mills theory. This model independent approach incorporates by construction the low-energy theorems [16] , that predict the leading behavior of Goldstone boson amplitudes irrespective of the details of the symmetry breaking mechanism. Notwithstanding, unitarity implies that this low-energy effective theory should be valid up to some energy scale smaller than 4πv ≃ 3 TeV [17] , where new physics would come into play.
To specify the effective Lagrangian one must first fix the symmetry breaking pattern. We consider that the system presents a global SU(2) L ⊗ SU(2) R symmetry that is broken to SU(2) C . With this choice, the building block of the chiral Lagrangian, in the notation of Ref. [6] , is the dimensionless unimodular matrix field Σ(x), which transforms under SU(2) L ⊗ SU(2) R as (2, 2):
The ϕ a fields are the would-be Goldstone fields and τ a (a = 1, 2, 3) are the Pauli matrices. The SU(2) L ⊗ U(1) Y covariant derivative of Σ is defined as
The lowest-order terms in the derivative expansion of the effective Lagrangian are
where we have introduced the auxiliary quantities T ≡ Στ
Notice that T is not invariant under SU(2) C custodial due to the presence of τ 3 . The first term in Eq. (7) is responsible for giving mass to the W ± and Z gauge bosons for
The second term violates the custodial SU(2) C symmetry and contributes to ∆ρ at tree level, being strongly constrained by the low-energy data. This term can be understood as the low-energy remnant of a high-energy custodial symmetry breaking physics, which has been integrated out above a certain scale Λ. Moreover, at the oneloop level, this term is also required in order to cancel the divergences in ∆ρ, arising from diagrams containing a hypercharge boson in the loop. This subtraction renders ∆ρ finite, although dependent on the renormalization scale [6] .
At the next order in the derivative expansion, D = 4, several operators can be written down [6] . We shall restrict ourselves to those containing genuine quartic vector-boson interactions, which are
In an arbitrary gauge, these Lagrangian densities lead to quartic vertices involving gauge bosons and/or Goldstone bosons. In the unitary gauge, these effective operators give rise to anomalous ZZZZ (all operators),
10 ), and
and L
5 ) interactions. Moreover, the interaction Lagrangians L
6 , L (4) 7 , and L (4) 10 violate the SU(2) C custodial symmetry due to the presence of T in their definitions. Notice that quartic couplings involving photons remain untouched by the genuine quartic anomalous interactions at the order D = 4. The Feynman rules for the quartic couplings generated by these operators can be found in the last article of Ref. [6] .
In chiral perturbation theory, the p 4 contributions to the processes (1)- (4) arise from the tree level insertion of p 4 operators, as well as from one-loop corrections due to the p 2 interactions, which renormalize the p 4 operators [6] . However, the loop corrections to the scattering amplitudes are negligible in comparison to the p 4 contributions for the range of values of the couplings and center-of-mass energies considered in this paper. Therefore, numerically, our analysis is consistent even though we neglected the loop corrections and kept only the tree-level p 4 contributions. In the effective-W approximation [8, 18] , the signals (1)- (4) 
These processes, however, do not respect the unitarity of the partial-wave amplitudes (a I ℓ ) at large subprocess center-of-mass energies M V V [17, 19, 20] . Therefore, the chiral expansion is valid only for values of M V V and α i such that |a I ℓ | < ∼ 1/2. For higher V V invariant masses, rescattering effects are important to unitarize the amplitudes. Taking into account this fact, we conservatively restricted our analyses to invariant masses M V V < 1.25 TeV. This requirement corresponds to a sharp-cutoff unitarization [21] .
III. CALCULATIONAL TOOLS
In order to study the quartic couplings of vector bosons we analyzed the processes (1)- (4) which may receive contributions from anomalous W W ZZ and ZZZZ interactions. The signal for vector boson fusion in the γγ (eγ) reactions is characterized by the presence of two central vector bosons as well as by two (one) extra ones in the forward and backward regions of the detector, which can be used to tag the events. Therefore, we ordered the produced vector bosons according to their rapidities and assumed that the strongly scattered ones have smaller rapidities in absolute value.
The signal and backgrounds were simulated at the parton level with full tree level matrix elements. We include in our calculations all SM and anomalous contributions that lead to the final states (1)- (4) , taking into account the effect of interferences between the anomalous and SM amplitudes. This was accomplished by numerically evaluating helicity amplitudes for all subprocesses using MADGRAPH [22] in the framework of HELAS [23] , with the anomalous couplings arising from the Lagrangians (8)- (12) being implemented as additional Fortran routines. For the sake of illustration, the SM background for the processes (1) to (4) requires the evaluation of 87, 54, 240, and 74 Feynman diagrams respectively.
In our calculations we included the reconstruction efficiency for central W 's and Z's which are required to have |η W (Z) | < 1. Using the results of Ref. [24] , we assumed that reconstruction efficiency of a W (Z) is 85% (74%) while the probability for misidentifying a Z as a W (a W as a Z) being 22% (10%). We studied the probability of tagging forward W 's and Z's with 1.5 < |η W (Z) | < 3 by consistently including their decay into jets. Our analysis showed that just one of the jets coming from a vector boson in the above rapidity region has |η j | < 2 and that the tagging efficiency of the spectator W from the presence of this jet is 40%.
The most promising mechanism to generate hard photon beams in an e + e − linear collider is laser backscattering, which can lead to a rich source of eγ and γγ interactions with essentially the same luminosity and center-of-mass energy of the parent e + e − collider [7] . We verified that the polarization of the beams do not change significantly our results, therefore, we present our results for unpolarized electron and laser beams for the sake of simplicity. In this case, the backscattered photon distribution function [25] is
with
where σ c is the Compton cross section, ξ ≃ 4Eω 0 /m 2 e , m e and E are the electron mass and energy respectively, and ω 0 is the laser-photon energy. The quantity x stands for the ratio between the scattered photon and initial electron energy and its maximum value is
In what follows, we assumed that the laser frequency is such that ξ = 2(1 + √ 2), which leads to the hardest possible spectrum of photons with a large luminosity since the creation of soft e + e − pairs in hard γ-laser interaction is avoided with this choice. In this case, x max ≃ 0.83. The cross section for γγ fusion processes can be obtained by folding the elementary cross section for the γγ subprocesses with the photon distributions, i.e.,
where
is the e + e − (γγ) center-of-mass energy. In the case of eγ collisions we should drop one of the integrals on the photon spectrum. In our analyses we considered two e + e − center-of-mass energies √ s = 2 and 3 TeV which leads to a maximum γγ (eγ) center-ofmass energy of 1.7 and 2.5 (1.8 and 2.7) TeV respectively. We assumed that the integrated luminosity for the parent e + e − machine is 500 fb −1 which is a conservative choice since we can always tune up the beam shape in order to boost the γγ and eγ luminosities [7] .
IV. SIGNAL AND BACKGROUND PROPERTIES
Strongly interacting symmetry breaking sectors (SEWS) modify the dynamics of longitudinal vector bosons. However, it is impossible to determine the polarization of vector bosons on an event-by-event basis, and consequently, we have to work harder to extract the SEWS signal. Taking into account that the electroweak production of transversely polarized vector bosons in the SM is approximately independent of the Higgs boson mass, and that the V L V L production is small for light Higgs bosons [26] , we define the signal for SEWS as an excess of events in the V V scattering channels with respect to the SM with a light Higgs, i.e.
where σ lh sm = σ sm M H =100 GeV and we sum over the vector-boson polarizations. In principle, we can have a signal even for α i ≡ 0, indicating the existence of SEWS, since there is no Higgs in our model to cut off the growth of the scattering amplitudes. In this case that it is possible to establish the existence of SEWS, we should verify whether the anomalous couplings α i are compatible with zero or not. In this scenario we define the σ signal with respect to vanishing α's, i.e.
The most general expression for the total cross sections of the processes (1)- (4) can be written as
where σ hh sm , σ α j int , and σ α i α j ano are, respectively, the SM cross section without the inclusion of the Higgs boson effects, interference between the heavy Higgs SM and the anomalous contributions and the pure anomalous cross section. α i stands for any of the anomalous quartic couplings appearing in Eqs. (8)- (12) .
One of the important features of the vector boson scattering is the presence of vector bosons at large rapidities which can be used to tag the events. In our analyses we required the existence of spectator vector bosons with
which lead to a detectable spectator jet 40% of the time. Since, we detect only one of the jets coming from forward W 's and Z's, there is one additional background due to the production of top quark pairs when the b from the top decay is taken as the tagging forward jet. Therefore we vetoed these events tagging b jets, assuming a b tagging efficiency of 60%. Moreover, we assume a probability of 5% that a light-quark jet is mistagged as a b-quark jet.
A. eγ mode
In order to suppress the backgrounds and enhance the signal for the anomalous quartic interactions in processes (1) and (2) we applied the following set of cuts: (i) We required the tagging of a large rapidity vector boson as described above.
(ii) We vetoed events presenting b tagged jets in order to reduce the top production background.
(iii) We demanded the presence of a pair
> 200 GeV and |η W (Z) | < 1. In order to access the relevance of this p T cut see Fig. 1 .
(iv) We also required the invariant mass of the vector boson pair to be in the range 0.5 < M V V < 1.25 TeV. The upper limit of this cut is quite important since it prevents the effective operators (8)- (12) to be used in a energy regime where unitarity is violated and rescattering effects become important. The lower limit of this cut aims to reduce the backgrounds; see Fig. 2 .
We display in Table I our results for the coefficients σ in Eq. (19) after applying the above cuts, however before taking into account the detection efficiencies. In the W − ZZν e production, the central gauge boson pair can be either W − Z or ZZ, therefore, we show these two cases in Table I . As expected, the cross sections rise as the center-of-mass energy increases. Moreover, it is clear from this table that the W − W + W − ν e process not only leads to a larger statistics but also it is more sensitive to the quartic anomalous couplings. In order to obtain the signal cross section, we must fold the results in Table I with the reconstruction efficiencies and take into account the misidentification probabilities since both processes, W − W + W − ν e and W − ZZν e , can lead to events W W + jet and ZZ + jet, where the pair of gauge bosons is central and the single jet comes from a forward W or Z. For instance, about 5% of the ZZ + jet signal events are due to vector boson misidentification in the reaction W W W ν e for α 4 = α 5 = 0. Table II contains the total light Higgs background cross section for processes (1) and (2) after cuts and detection efficiencies. We also display in this table the fraction F of the total background due to each reaction. Notice that the bulk of the background to the W W + jet events is due to the production of W W W ν in the scope of the SM. However, some fraction of the background (≃ 9%) to the ZZ + jet events is due to misidentification of W 's generated by reaction (1) . In eγ production the tt background is not important.
B. γγ mode
The production of W − W + W − W + and W − ZZW + in γγ collisions due to anomalous quartic interactions can be enhanced using the same cuts employed in the eγ case, with the exception that we now require the tagging of two forward W 's. Table III contains our results for the parameters appearing in (19) after cuts but before introducing the detection efficiencies. In this mode, the W − W + W − W + production not only possesses the highest cross section but also it exhibits a stronger dependence on the anomalous couplings. Analogously to the eγ case, we have to conveniently introduce the detection efficiencies, branching ratios, and misidentification probabilities in order to obtain the expected number of events.
We show the total light Higgs backgrounds in the γγ mode and its composition in Table  IV . The W W +2-jet signal events have as major backgrounds the production of longitudinal W W W W in the scope of the SM and the tt production, with a small contribution from the misidentification of vector bosons. It is interesting to notice that the top pair background represents almost half of the total background at 2 TeV with its importance decreasing at higher energies. For the ZZ + 2-jet events, the major background is the production of W − ZZW + within the SM with tt production and the particle misidentification being responsible for 17-25% of the background events.
V. DISCUSSION AND CONCLUSIONS
Initially we studied whether an eγ or γγ collider can unravel the existence of a symmetry breaking dynamics different from the one predicted by the SM. In order to do that we analyzed the reactions (1) to (4) assuming that the number of observed events is the one predict by the SM with a light Higgs boson. We display in Fig. 3a the 5σ allowed region in the eγ mode for an e + e − center-of-mass energy of 2 TeV and an integrated luminosity of 500 fb −1 . As expected, most of W W + jet events are due to W − W + W − ν e production and this channel leads to more stringent limits and dominates the combined bounds. This figure clearly shows that the combined results for the W W + jet and ZZ + jet events will be able to establish the existence of a new dynamics in the symmetry breaking system since the agreement with experiment is only possible for non-vanishing quartic couplings. Fig. 3b contains the results for a γγ collider assuming the same center-of-mass energy, luminosity and confidence level. The γγ mode at 2 TeV will not be able to establish a departure from the SM, and we verified that the signal of new dynamics only appears at higher center-ofmass energies, e.g. 3 TeV. For the sake of comparison, we estimated that establishing the existence of SEWS in the LC e + e − mode will require an integrated luminosity of the order of 50 fb −1 for a center-of-mass energy of 1.6 TeV. Having established the existence of a new dynamics we probed the LC capability to constrain anomalous quartic vector boson couplings by assuming that the number of observed events is the one predicted by the SM without the Higgs boson; see Eq. (18) . We present in Fig. 4 the 90% CL bounds on the SU(2) C conserving quartic couplings coming from the reactions (1) and (2), assuming center-of-mass energies of 2 and 3 TeV and an integrated luminosity of 500 fb −1 . Here the best limits also come from the W W + jet production, however, the combined results are much more restrictive than this channel alone since the ZZ + jet allowed region has a different orientation than the W W + jet one. Moreover, the constraints improve by a factor of O (2) when the center-of-mass energy increases from 2 TeV to 3 TeV.
The bounds on the couplings α 4 and α 5 obtained in the eγ mode of the LC are of the same order of the ones coming from the e + e − mode [12] . Moreover, the eγ mode possesses only one allowed region in the plane (α 4 , α 5 ), while the reactions e + e − →ννW + W − and andννZZ lead to two allowed regions, one in the vicinity of (0, 0) and the second one having only non-vanishing values of the anomalous couplings; see Ref. [12] . Therefore, the information gathered in the eγ mode can be used to reduced the ambiguities of the e + e − mode, analogously to what happens in the e − e − mode [12] . Fig. 5 shows the attainable bounds on α 4 and α 5 through the reactions γγ → W W + 2 jets and ZZ + 2 jets for an integrated luminosity of 500 fb −1 and center-of-mass energies of 2 and 3 TeV. In this mode, the best limits originate from the W W + 2-jet events, which receives most of contributions from W + W − W − W + , since this process exhibits the largest cross section. Moreover, the process ZZ + 2 jets turns out to be important to exclude a large fraction of the region allowed by the W W + 2 jet production. Like the eγ mode, the γγ collider also gives rise to just one allowed region around the origin, therefore it is complementary to the e + e − mode too. However, the limits that can be obtained from this mode are weaker than the ones coming the the e + e − and eγ modes. Up to now we concentrated our analyses on the SU(2) C conserving quartic operators (8) and (9) . First of all, the effective interaction (12) can not be constrained by any of the processes studied here since it leads only to a ZZZZ vertex. The vertex W + W − ZZ associated to α 6 (α 7 ) is equal to the one generated by α 4 (α 5 ), however the operators (8) and (9) Fig. 6 we display the combined limits on these operators for a 2 and 3 TeV LC.
In brief, the eγ can help us to have a better understanding of the symmetry breaking sector of the electroweak interactions since it leads to constraints O(0.005) on the SU(2) C conserving quartic gauge boson interactions for a 2 TeV LC. Moreover, this mode is complementary to the e + e − one since it allow us to resolve the ambiguity that the last mode presents on the limits on these couplings. Analogously to the traditional e + e − mode the eγ bounds on SU(2) C violating operators are also much less stringent. We also showed that the γγ mode is complementary to the e + e − one, however that mode leads to bounds that are a factor 5-10 weaker. TeV and employed the conventions as in Fig. 1 . 5σ allowed region in the (α 4 , α 5 ) plane assuming that we observed the expected number of events predict by the SM with a light Higgs boson in the W W + jet (dots), ZZ + jet (dashes), and combined reactions (solid). We assumed a e + e − center-of-mass energy of 2 TeV and an integrated luminosity of 500 fb −1 . In (a) we display the results for a eγ collider while (b) contains the results for the γγ mode. ) plane assuming that we observed the number of events predict by the SM without a Higgs boson in the eγ → W W + jet (dots), eγ → ZZ + jet (dashes), and combined reactions (solid). We assumed a e + e − center-of-mass energy of 2 TeV (a) [3 TeV (b) ] and an integrated luminosity of 500 fb −1 . ) plane assuming that we observed the number of events predict by the SM without a Higgs boson in the γγ → W W + 2 jets (dots), γγ → ZZ + 2 jets (dashes), and combined reactions (solid). We assumed a e + e − center-of-mass energy of 2 TeV (a) [3 TeV (b) ] and an integrated luminosity of 500 fb −1 . 
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